Reflectometry is a technique that uses the light reflected by a sample to determine properties of the sample. Interferometric reflectometry uses interference between two beams, one of which is incident on -and reflected back by-a sample and one of which is not, to obtain the complex electric field rather than merely its intensity. Since this interference allows one to retrieve an increased amount of information about the light, it also allows one to obtain more information about the sample, such as a thin layer. We will apply the methods derived here to the case of a planar lipid bilayer.
Reflectometry is a technique that uses the light reflected by a sample to determine properties of the sample. Interferometric reflectometry uses interference between two beams, one of which is incident on -and reflected back by-a sample and one of which is not, to obtain the complex electric field rather than merely its intensity. Since this interference allows one to retrieve an increased amount of information about the light, it also allows one to obtain more information about the sample, such as a thin layer. We will apply the methods derived here to the case of a planar lipid bilayer.
Reflection by a thin layer
Suppose a sample consists of a thin layer of a homogeneous material of thickness d and refractive index n s which does not cover the entirety of a flat glass surface of refractive index n g and is submerged in water, which has a refractive index n w (figure 1).
For normal incidence, the Fresnel reflection coefficient at the interface between a material with refractive index n j (through which a light beam travels) and a material with refractive index n k (which reflects the beam) is r jk = n j − n k n j + n k and the Fresnel transmission coefficient at that interface is t jk = 2n j n j + n k .
The reflection coefficient of a region of the sample where there is no material between the glass and the water (figure 1, left side), then, is simply r gw = n g − n w n g + n w . For a region where there is a layer of material (figure 1, right side), some of the light will be reflected at the glass-material interface and some of it will be transmitted. The transmitted light might then be transmitted at the material-water interface, or it may be reflected any number of times at said interface and either be reflected − 1 times at the material-glass interface and eventually transmitted back through this interface or be reflected times at the material-glass interface and eventually transmitted through the material-water interface. For reflection, we are interested in the first case only. Therefore, the reflection coefficient of such a region is
where the first term corresponds to reflection at the glass-material interface and the exponential in the sum is due to the fact that light reflected times at the material-water interface and − 1 times at the material-glass interface travels 2 times through the material. Here, k is the wave vector of the light in vacuum.
Because |r sg r sw e 2ikdns | < 1, this is equal to s = r gs + t gs r sw t sg e 2ikdns 1 − r sg r sw e 2ikdns = (n g + n s )(n s − n w )e 2ikdns + (n g − n s )(n s + n w ) (n g − n s )(n s − n w )e 2ikdns + (n g + n s )(n s + n w ) .
If d = 0 or n s = n w , this reduces to r gw . If n s = n g , it instead reduces to e 2ikdng r gw due to the fact that the light must still travel an additional distance 2d through material with refractive index n g . Here, we have assumed that the sample does not change the polarisation of the beam (i.e. it is not birefringent) and thus s is a scalar. If it has in-plane birefringence, s is instead a 2 × 2 matrix and equation 1 is no longer appropriate; if it presents outof-plane birefringence, the calculation of s can become truly complicated. It should be noted that the type of sample we are interested in here, a lipid bilayer, consists of a 2-dimensional array of lipid molecules oriented approximately perpendicular to said array and can thus be considered approximately isotropic for light travelling parallel (or approximately parallel) to the molecules; indeed, the birefringence of a lipid bilayer is negligible for our purposes. 1 We will therefore ignore the effects of birefringence in what follows. Figure 2 shows graphs of |s| and arg(s) for d between 0 nm and 600 nm, n w = 1.333 n s 1.518 = n g , and λ = 2π/k = 550 nm. These values for the refractive indices were chosen because they correspond to water 2 and the glass which microscope slides and coverslips are typically made of; 3 the refractive index of a lipid bilayer typically falls between these values. 4, 5 The thickness range was chosen to show three periods of s. It is interesting to note the existence of a value of n s below which arg(s) may only take values between −π/2 and π/2, meaning the reflection coefficient has a positive real part; this value will be calculated in section 3. Note also that, for n w n s n g , we have |s| r gw regardless of the value of d, meaning that the presence of the layer either reduces the amount of reflected light (by spatially distributing the refractive index step from n g to n w and giving rise to an interference which is not fully constructive) or does not affect it. Figure 3 shows the same graphs as figure 2, but for d between 0 nm and 6 nm only. This range of d corresponds to the thickness one would expect from a lipid bilayer, which is about 4 nm thick. Note that |s| changes very little in this region -the difference between no layer and a 6-nm layer is only about 0.5% for n s ≈ 1.425 and even less for other values of n s . This is due to the fact that the sample is very thin; a small value of d will result in a small value of 2kdn s , which in turn means that the first few reflections of the beam within the sample interfere mostly constructively; by the time the number of reflections is large enough for the interference to be destructive, the amplitude of the beam is so small (due to the fact that r sw , r sg < 1) that it contributes very little to the reflected field E s . The variation in arg(s) is also reduced, but much less so -it is a few percent even for intermediate values of n s . In fact, if we only take the first reflection into account, the reflection coefficient becomes
the difference between this and the complete reflection coefficient given by equation 1 is less than 0.06% throughout the range considered, as might be expected by noting that the denominator of the second term in the first line of equation 1 is approximately equal to 1 because r sg r sw < r 2 gw ≈ 0.0042. Thus, taking only one reflection into account is an acceptable approximation.
Obtaining thickness and refractive index from the reflection coefficient
To obtain the thickness of the sample, we rewrite equation 1 as
where log denotes the complex logarithm. It is now evident that this expression has an infinite number of values and that choosing one equates to choosing a logarithm branch. This is why the pattern seen on figure 2 is periodic in d; its period is 2π/2kn s , as is evident from equation 2.
To obtain the refractive index of the sample, we note that the imaginary part of d is
But d is the thickness of the sample and must thus be a real number. Therefore,
From this expression we finally obtain As noted in section 1, |s/r gw | 1 as long as n w n s n g . This is expected because in this refractive index range the difference between n g and n w is greater than the difference between n g and n s , which results in the glass-water interface being more reflective than the glass-material interface. Taking this into account, we may graph d and n s in the unit circle of the Re(s/r gw ) × Im(s/r gw ) plane (figure 4).
Remarks on some mathematical properties of the reflection coefficient
Substituting s = 0 in equation 3, we see immediately that the zeros of s occur at n s = √ n w n g .
Substituting n s = √ n w n g and s = 0 in equation 1, rearranging terms and writing e iψ as cos(ψ) + i sin(ψ), we obtain
This means that the zeros occur at the value of d which is exactly at the centre of each period of s. Thus, d = (2N −1)λ/4 √ n w n g and n s = √ n w n g are the conditions the layer must have in order to constitute a perfect antireflective coating for light of wavelength λ. Conversely, having d = N λ/2n s for any value of n s is, in terms of reflectivity, equivalent to not having a layer at all. Let us now recall that there is a value of n s below which Re(s) > 0. To find this value, we first multiply and divide s in equation 1 by the conjugate of the denominator of the right-hand-term to obtain
where ψ = 2kdn s . The denominator is always positive because it is the product of a complex number and its conjugate, so the values of n s for which the real part of the denominator is negative are exactly those values for which Re(s) < 0. We thus have the condition cos(2kdn s ) < − (n g 2 − n s 2 )(n s 2 + n w 2 ) (n g 2 + n s 2 )(n s 2 − n w 2 ) , which requires (n g 2 − n s 2 )(n s 2 + n w 2 ) (n g 2 + n s 2 )(n s 2 − n w 2 ) < 1.
Now, this is a monotonically decreasing function of n s in the range n w < n s < n g , as shown by the fact that ∂ ∂n s (n g 2 − n s 2 )(n s 2 + n w 2 ) (n g 2 + n s 2 )(n s 2 − n w 2 ) = −4n s (n g 2 − n w 2 )(n w 2 n g 2 + n s 4 ) (n g 2 + n s 2 ) 2 (n s 2 − n w 2 ) 2 < 0.
Therefore, the value of n s for which it equals 1 is the value of n s below which Re(s) is necessarily non-negative. If we write n s = √ n w n g , we obtain (n g 2 − n s 2 )(n s 2 + n w 2 ) (n g 2 + n s 2 )(n s 2 − n w 2 ) = n w n g (n g 2 − n w 2 ) n w n g (n g 2 + n w 2 ) = 1, so √ n w n g is the value we seek (figure 5), as already suggested by figure 2.
Non-normal incidence
For non-normal incidence, the Fresnel reflection and transmission coefficients are for light polarised parallel to the plane of incidence and
for light polarised perpendicular to the plane of incidence, where θ j is the angle of incidence and
is the angle of transmission, given by Snell's law. Obviously, then, s is a function of the angle of incidence as well as of d and n s . We will henceforth assume that θ j is small enough and n k is close enough to n j to avoid total internal reflection when n j > n k . If the incident light is circularly polarised, the parallel and perpendicular components have equal amplitude, so we have
For a distribution P(θ, ϕ) of angles of incidence, the reflectometry signal S, which is given by the interference between a beam that interacts with the sample and a beam that does not and thus contains the angular distribution of both beams, must be averaged over all possible angles. This average is given by where θ max is the maximum incidence angle of the light incident on the sample; if θ max is determined by the numerical aperture NA of a microscope objective, for instance, then
The cosine in the integral comes from assuming the objective in question is aplanatic; the projection of an area element dA of the incident interfered beams onto the aplanatic lens reference sphere is dA/cos(θ) ( figure 6 ). 6 It should be noted that the critical angle, the angle at which total internal reflection occurs, is θ c = arcsin n w n g = 61.42 • for the glass-water interface and even higher for the glass-layer and layer-water interfaces if the layer has a refractive index between n w and n g . For an objective with a numerical aperture of 1.27, for example, θ max = 56.79 • , so total internal reflection is not a problem at the glass-layer and glass-water interfaces. Light travelling through the glass at an angle θ θ max will be transmitted into the layer at an angle θ s = arcsin n g n s sin(θ) , so at the layer-interface we have θ s − θ c = arcsin n g n s sin(θ) − arcsin n w n s , which is a monotonically increasing function of both n s and θ but is negative even for the highest value of n s we are considering, n g ; therefore, there will be no total internal reflection at the layer-water interface either. In the case in which the both beams are gaussian and have the same angular distribution, the angular dependence of the detected signal is a function of only θ and is given by 6
where ζ is the objective fill factor. This turns the signal into 
In this case, the expression for S(d, n s ) can no longer be solved analytically.
For a small value of θ max (i.e. for a small NA), the relative reflection coefficient is only slightly deformed with respect to that observed for normal incidence; for larger values of θ max , the pattern is no longer periodic (although it retains a partially repetitive behaviour) and its deformation becomes more evident (compare figures 2 and 7). Figure 7 shows the amplitude and phase of the reflectometry signal, S, nor- malised with respect to the no-layer signal, S gw (given by replacing s with r gw in equation 4), for gaussian beams, an objective with a numerical aperture of 1.27 and a fill factor of 1, and all other parameters as before. With these parameters, S gw ≈ −0.0063. Figure 8 : Density graphs of the first repetition of d (top) and n s (bottom) as functions of the real and imaginary parts of S/S gw for the case in which both beams are gaussian; the beam that interacts with the sample emerges from (and is then reflected back through) an objective with numerical aperture 1.27 and fill factor 1; and n w = 1.333, n g = 1.518 and λ = 550 nm. The irregularly coloured section in the fourth quadrant of the n s graph is an artefact of part of the second repetition having been included in the calculation of n s , which occurred because a rectangular section of (d, n s ) space was taken and the repetitions are not rectangular.
It is immediately evident that |S/S gw | 1 as long as n w n s n g . We may thus graph d and n s in the unit circle of the Re(S/S gw )×Im(S/S gw ) plane. To do so, we must take into account only one repetition (as mentioned earlier, the behaviour of S for non-normal incidence is still partially repetitive, although the values of n s for which S reaches the same value in different repetitions are different from each other). Figure 8 shows d and n s as functions of Re(S/S gw ) and Im(S/S gw ) for a gaussian beam emerging from an objective with a numerical aperture of 1.27 and a fill factor of 1. Comparing this to figure 4, it is immediately evident that, while the entire (|S/S gw |, arg(S)) ∈ [0, 1]×[−π, π] space yields values of n s between n w and n g in the case of normal incidence, this is not so in the case of large numerical aperture, as expected from careful examination of the bottom, left and top borders of figures 2 and 7: whereas in the case of normal incidence arg(S) takes all possible values between −π and π along the top border (where n s = n g and |S/S gw | = 1), a nonzero numerical aperture causes |S/S gw | to no longer equal 1 along the top border, which is the only one of these borders along which arg(S) takes nonzero values; for a nonzero numerical aperture, arg(S) = 0 all along the left (d = 0) and bottom (n s = n w ) borders, which are the only places where |S/S gw | = 1; this translates into figure 8 as the white region where |S/S gw | 1 and arg(S) = 0 simultaneously.
Reflection by multiple layers

Two layers
If the sample consists of two layers, each with its own thickness and refractive index (figure 9), the situation becomes more complicated. Let the angle of incidence be denoted by θ, as before, and let θ 1 and θ 2 be the transmission angles in the first and second layers, respectively, given by Snell's law. Let us further denote the properties of the materials by d 1 , n 1 , d 2 and n 2 . We now have the following possibilities:
The light may be reflected at the interface between the glass and the first material and never enter the sample, as before. This contributes a term s 0 = r g1 . The transmitted light may enter the first material and then be reflected any number + 1 of times at the interface between the two materials and times at the interface between the first material and the glass before finally being transmitted back through the glass. This contributes a term similar to the one in the 1-layer case: Finally, the light may be transmitted through the interface between the two materials and enter the second layer (after any number of reflections within the first layer). This light can be either transmitted into the water, in which case it does not contribute to the reflection coefficient, or reflected back into the second layer and then transmitted back through the first layer and into the glass (after any number of reflections within either material or within both materials). Since we have different kinds of reflections, there are multiple ways of ordering them, so a multiplicity factor must be included in the two-layer term. If we have j reflections within the first bilayer, reflections within both bilayers and m reflections within the second bilayer, there are (j + + m)!/j! !m! different ways of ordering them. The term contributed by this case is then s 2 = t g1 t 12 r 2w t 21 t 1g e The total reflection coefficient is, of course, s = s 0 + s 1 + s 2 , which simplifies to .
As a sanity check, we may set n 2 = n 1 (which will turn the Fresnel coefficients for the interface between the two layers into r 12 = r 21 = 0 and t 12 = t 21 = 1). This yields s = r g1 + t g1 r 1w t 1g e 2ik (d 1 +d 2 )n 1 cos(θ 1 )
1 − r 1g r 1w e 2ik (d 1 +d 2 )n 1 cos(θ 1 )
, which (except for the cosines, which arise from non-normal incidence) is identical to equation 1 with d = d 1 + d 2 and n s = n 1 , as is expected. Similarly, substituting n 2 = n w results in r 2w = 0 and thus
, which is again equation 1 with d = d 1 and n s = n 1 . Notably, substituting d 2 = 0 does not reduce equation 5 to the 1-layer case; this is because r 1w (which would be the new reflection coefficient at the top of the first layer) is not equal to t 12 r 2w t 21 .
In the single-reflection approximation, equation 5 becomes s ≈ r g1 + t g1 r 12 t 1g e 2ik d 1 n 1 cos(θ 1 ) + t g1 t 12 r 2w t 21 t 1g e 
An arbitrary number of layers
For N layers with thicknesses d 1 , . . . , d N and refractive indices n 1 , . . . , n N , we may separate the problem into N + 1 partial reflection coefficients s 0 , . . . , s N , each taking one more layer than the previous one, as we did for two layers. We may obtain a generalisable expression if we assign the index 0 to the glass slide and and the index N + 1 to the water. We first define the symbol Ξ, which we will use to denote nested sums, as follows:
adjacent layers with 1 j and remembering the multiplicity of each combination of reflections: Again, setting N = 1, N = 1 or N = 2 turns this into r gw or the 1-or 2-layer single-reflection approximations, respectively.
